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1 Introduction
The famous Fermat-Torricelli problem (in Location Science also called the
Steiner-Weber problem) asks for the unique point x minimizing the sum of
distances to arbitrarily given points x1, . . . ,xn in Euclidean d-dimensional
space Rd. In the present paper, we will consider the extension of this prob-
lem to d-dimensional real normed spaces (= Minkowski spaces), where we
investigate mainly, but not only, the case d = 2.
∗Research supported by a grant from a cooperation between the Deutsche Forschungs-
gemeinschaft in Germany and the National Research Foundation in South Africa
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Since in arbitrary Minkowski spaces the solution set (= Fermat-Torricelli
locus) is not necessarily a singleton, we study geometric descriptions of this
set. Continuing related investigations given in the papers [5, 12, 13, 14],
we present some new geometric results about Fermat-Torricelli loci. Along-
side expositions of known results that are scattered in various sources and
proofs of some of them, we make basic observations that have perhaps not
been made before, and present many new results, especially in the planar
case that is the most important for Location Science. Our results together
can be considered to be a mini-theory of the Fermat-Torricelli problem in
Minkowski spaces and especially in Minkowski planes. We emphasise that
it is possible to find substantial results about locational problems valid for
all norms using a geometric approach, and in fact most of our results are
true for all norms.
We now give an overview of the paper.
Section 2. We introduce and give an overview of basic terminology and
technical tools used in Minkowski geometry.
Section 3. We first give an overview of general properties of Fermat-
Torricelli points and loci (Definitions 3.1, 3.2, 3.4 and Propositions 3.3
and 3.5).
We then give a simple exposition of the results obtained in [12] on the
characterization of Fermat-Torricelli points in terms of functionals in the
dual space (Theorem 3.6) and that the Fermat-Torricelli locus can be ob-
tained as the intersection of certain cones with apices x1, . . . ,xn (Defini-
tion 3.8 and Theorem 3.9). It seems to have been overlooked that this
construction is a natural extension of a geometric approach to d-segments
presented in [2, §9] (Proposition 3.10). (The notion of d-segments was in-
troduced by K. Menger [16], who also gave a historically early investigation
in the spirit of Location Science [16, p. 80].) We show an application of
Theorem 3.6 in Corollary 3.7. We then use Theorem 3.9 to derive various
position criteria for Fermat-Torricelli loci. In Corollary 3.11 we describe the
shape of Fermat-Torricelli loci in Minkowski planes and give two examples
(Examples 3.12 and 3.13) that will play a role in Section 4 in characterizing
the L1 and hexagonal norms in the plane (Theorem 4.13).
We introduce the new concept of d-concurrent d-segments (Definition 3.14),
describe their Fermat-Torricelli loci (Corollary 3.15), give examples (Exam-
ple 3.16), and indicate that a result of Cieslik [7] follows as a special case
(Corollary 3.17). We then introduce the concept of d-collinear set (Defi-
nition 3.18) and characterize Fermat-Torricelli loci of these sets (Corollar-
ies 3.19 and 3.20), thereby generalizing the results in R1 to general spaces.
In Corollary 3.21 we describe a general situation of when the Fermat-
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Torricelli locus is a singleton, and in Theorem 3.22 prove that the Fermat-
Torricelli locus is always a singleton exactly when the Minkowski space is
strictly convex.
Finally in this section we contrast the situation between the two-dimensional
and higher-dimensional cases by citing the result of Wendell and Hurter [23]
that in Minkowski planes the Fermat-Torricelli locus of any set always inter-
sects the convex hull (Theorem 3.23 and Corollary 3.24), and the results of
Cieslik [6] and Durier [11] that similar properties hold in higher dimensions
only in Euclidean space (Theorem 3.25). We also sketch the proof of Theo-
rem 3.25, as its complete proof is scattered over various papers. In Section 4
we refine Theorem 3.23 (see e.g. Theorem 4.3).
Section 4. Here we make a closer analysis of the relationship between
the Fermat-Torricelli locus and the convex hull of a finite set in Minkowski
planes. We first introduce the notion of a double cluster generalizing the
notion of a collinear set with an even number of points (Definition 4.1 and
Example 4.2) and show that if a Fermat-Torricelli point of a set in a Min-
kowski plane is outside the convex hull of that set, then the set must be a
double cluster (Theorem 4.3). It follows that the Fermat-Toricelli locus of a
set with an odd number of points is contained in the convex hull of the set
(Corollary 4.4).
We then introduce the notion of pseudo double cluster generalizing the
notion of a set with an even number of points in which all points except pos-
sibly one are collinear (Definition 4.5) and show that if one of the vertices
of the convex hull of a set in a Minkowski plane is also a Fermat-Torricelli
point, then the set must be a pseudo double cluster (Theorem 4.6 and Corol-
lary 4.7). We then give some results on the more subtle situation when there
is a Fermat-Torricelli point on the relative interior of an edge of the convex
hull (Corollaries 4.8 and 4.9, Example 4.10 and Theorem 4.11). As the final
results in Section 4 we mention a generalization of Proposition 6.4 of [14]
(Theorem 4.12), and characterize the Minkowski planes having parallelo-
grams and affinely regular hexagons as unit balls as those Minkowski planes
in which more than two points of a given set can be Fermat-Torricelli points
of the set (Theorem 4.13). We give a higher-dimensional generalization of
this result (Lemma 4.14 and Theorem 4.15) characterizing L1 spaces.
Section 5. Here we conclude our investigation into Fermat-Torricelli loci
in Minkowski planes by characterizing absorbing degree two and floating
degree three Fermat-Torricelli configurations in terms of special types of
angles (absorbing and critical angles, Definitions 5.1 and 5.3). We first give
characterizations of these angles (Lemmas 5.2 and 5.4), which already gives
a characterization of absorbing Fermat-Torricelli configurations of degree
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two. We then use these results as well as a technical result (Lemma 5.6) to
characterize degree three Fermat-Torricelli configurations in terms of critical
angles (Theorem 5.5).
2 Terminology of Minkowski spaces
A Minkowski space is a real finite-dimensional normed space X with norm
‖ · ‖ : X → R (satisfying ‖x‖ ≥ 0, ‖x‖ = 0 iff x = o, ‖λx‖ = |λ|‖x‖, and
most importantly, the triangle inequality ‖x+y‖ ≤ ‖x‖+‖y‖), unit ball B =
{x : ‖x‖ ≤ 1} and unit sphere (or unit circle in the two-dimensional case)
{x : ‖x‖ = 1}. A Minkowski plane is a two-dimensional Minkowski space.
For the facts on Minkowski spaces recalled below, see [22, Chapters 1 and 3],
for general convex geometry see [18], and for convex analysis see [17].
Any centrally symmetric convex body B centred at the origin o gives
rise to a norm for which B is the unit ball, i.e.,
‖x‖ = inf{λ−1 : λx ∈ B}.
By the Mazur-Ulam Theorem, any two Minkowski spaces are isometric iff
their unit balls are affinely equivalent, i.e., if there exists a linear mapping
from one unit ball onto the other. A Minkowski space X is strictly convex
if the unit sphere contains no non-trivial line segment
xy = {αx+ (1− α)y : 0 ≤ α ≤ 1}, x 6= y,
or, equivalently, if ‖x+ y‖ < ‖x‖+ ‖y‖ for any linearly independent x,y ∈
X. A Minkowski space is smooth if each boundary point of the unit ball has
a unique supporting hyperplane.
Given a Minkowski space X with norm ‖ · ‖ and unit ball B, the dual
norm on the dual space X∗ is defined as ‖φ‖ = max‖x‖=1 φ(x) for any
functional φ ∈ X∗. If we identify X and X∗ with d-dimensional Rd, then
the dual unit ball B∗ is the polar body of B:
B∗ = {y : 〈x,y〉 ≤ 1 for all x ∈ B}.
A norming functional of x ∈ X is a φ ∈ X∗ such that ‖φ‖ = 1 and φ(x) =
‖x‖. The hyperplane φ−1(1) = {y ∈ X : φ(y) = 1} is then a hyperplane
supporting the unit ball at x. By the separation theorem, each x ∈ X has
a norming functional. Thus a Minkowski space is smooth iff each x 6= o has
a unique norming functional. It is also known that X∗∗ is isometric to X,
and X is smooth iff X∗ is strictly convex.
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We use the shorthand notation x̂ for 1‖x‖x for any x 6= o, and |xy| for
the length ‖x− y‖ of the segment xy.
In some of our proofs we use the subdifferential calculus of convex func-
tions (see [17, §23] for proofs of the discussion below). A functional φ ∈ X∗
is a subgradient of a convex function f : X → R at x ∈ X if for all z ∈ X,
f(z)− f(x) ≥ φ(z − x).
In particular, o ∈ X∗ s a subgradient of f at x iff f attains its minimum
value at x. The subdifferential of f at x is the set ∂f(x) of all subgradients
of f at x. This set is always non-empty, closed and convex. The following
basic property of subdifferentials is important to what follows: If f1, . . . , fn
are convex functions on X, then
∂(
n∑
i=1
αifi)(x) =
n∑
i=1
αi∂fi(x)
for all x ∈ X and α1, . . . , αn ∈ R, where the sum on the right is Minkowski
addition of sets in a vector space: If A,B ⊆ X, then A+B := {a+ b : a ∈
A, b ∈ B}. The proof, to be found in [17], uses the separation theorem. It
is easily seen that the subdifferential of the norm of X at x is the following:
Lemma 2.1. ∂‖o‖ = BX∗ (i.e. the unit ball of X∗). If x 6= o, then ∂‖x‖ =
{φ ∈ X∗ : ‖φ‖ = 1, φ(x) = ‖x‖}, (i.e. the set of norming functionals of
x).
Thus, if x 6= o, ∂‖x‖ is the exposed face of the unit ball in X defined by
the hyperplane {φ ∈ X∗ : φ(x) = 1}. Recall that a (proper) exposed face of
a convex body B is an intersection of B with some supporting hyperplane
(see e.g. [18]).
We conclude with some more geometric terms. The ray with origin a
passing through b is denoted by
−→
ab. An angle ∢xyz in a Minkowski plane
is the convex cone bounded by two rays
−→
yx and
−→
yz emanating from the
same point y. (We allow half planes, i.e. 180◦ angles — in this case we take
the half plane on the left if we pass from x to z.) We denote the d-segment
from x to y by
[xy]d := {z ∈ X : |xz|+ |zy| = |xy|}.
A metric ray is a subset of X that is isometric to [0,∞), and a metric line
is a subset of X isometric to R1.
We denote the interior, closure, boundary, convex hull and affine hull
of a subset A of a Minkowski space by intA, clA, bdA, convA and aff A,
respectively.
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3 Fermat-Torricelli points and loci: General prop-
erties
Definition 3.1. We call a point x0 a Fermat-Torricelli point (or FT point)
of distinct points x1, . . . ,xn in a Minkowski space if x = x0 minimizes
x 7→
∑n
i=1 |xxi|.
See [14] and [3, Chapter 2] for a discussion of FT points in Euclidean
spaces; related investigations in Minkowski spaces are [5, 11, 12, 20]; see also
[7]. In the Facilities Location literature (cf. [9]) these points are also called
Fermat-Weber or Steiner-Weber points.
Definition 3.2. A (star) configuration (of degree n) in a Minkowski space is
a set of segments {xxi : i = 1, . . . , n} emanating from the same point x, with
xi 6= x for all i. A configuration {xxi} is pointed if there is a hyperplane H
through x such that the interior of each segment xxi is in the same open half
space bounded by H. A floating Fermat-Torricelli configuration (or floating
FT configuration) is a configuration {x0xi : i = 1, . . . , n} such that x0 is an
FT point of {x1, . . . ,xn}, and an absorbing Fermat-Torricelli configuration
(or absorbing FT configuration) is a configuration {x0xi : i = 1, . . . , n} such
that x0 is an FT point of {x0,x1, . . . ,xn}.
We first make the following simple observations.
Proposition 3.3. In any Minkowski space,
1. if {x0xi} is a floating FT configuration, then it is also an absorbing
FT configuration.
2. if {x0xi} is an FT configuration, then so is {x0yi} for any yi ∈
−−→
x0xi,
yi 6= x0.
Proof. Firstly, if x = x0 minimizes x 7→
∑n
i=1 |xxi|, then x = x0 also
minimizes x 7→
∑n
i=0 |xxi|, since for any x ∈ X we have
∑n
i=0 |x0xi| =∑n
i=1 |x0xi| ≤
∑n
i=1 |xxi| ≤
∑n
i=0 |xxi|.
Secondly, suppose {x0xi : i = 1, . . . , n} is a floating FT configuration.
(The case of an absorbing FT configuration is similar.) Without loss of
generality x0 = o. Thus x = o minimizes x 7→
∑n
i=1 |xxi|. Let yi 6= o be on
the ray
−→
oxi for each i = 1, . . . , n, say yi = λixi with λi > 0. Clearly {oxi} is
an FT configuration iff {ox′i} is an FT configuration where x
′
i = λxi, for any
λ > 0, i.e., we may scale an FT configuration. Thus we may assume without
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loss of generality that each λi ≤ 1 by making the original FT configuration
sufficiently large. Then for any x ∈ X we have
n∑
i=1
|oyi| =
n∑
i=1
(|oxi| − |xiyi|)
≤
n∑
i=1
(|xxi| − |xiyi|) (since o is an FT point)
≤
n∑
i=1
(|xyi| (by the triangle inequality).
Thus o is an FT point of {yi}.
In contrast to the case of non-collinear points in Euclidean space, in
general a set of points can have more than one FT point.
Definition 3.4. The Fermat-Torricelli locus (or FT locus) of x1, . . . ,xn is
the set ft(x1, . . . ,xn) of all FT points of x1, . . . ,xn.
There are also corresponding definitions for weighted points, but we
only consider the unweighted case. Note that it immediately follows from
the triangle inequality that ft(x,y) = [xy]d. Chakerian and Ghandehari [5]
gave an extensive analysis of FT points in the floating case, where X is a
smooth and strictly convex Minkowski space. They derive characterizations
in terms of “special polytopes”, i.e., in the terminology of [14], polyhedral
arrangements with the Viviani-Steiner property. In our discussion we do
not make in general any special assumptions such as smoothness or strict
convexity, nor do we restrict our attention exclusively to the floating case.
In general we can say the following of the FT locus [6].
Proposition 3.5. The FT locus of any finite set is always non-empty, com-
pact and convex.
Proof. The following is a standard argument, adapted from the Euclidean
case. If A = {x1, . . . ,xn}, then ft(A) is the set of all minima of the function
f(x) :=
n∑
i=1
|xxi|.
By the triangle inequality,
f(x) ≥
n∑
i=1
(‖x‖ − ‖xi‖) >
n∑
i=1
‖xi‖ = f(o)
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for any x with ‖x‖ > 2
∑n
i=1 ‖xi‖. Thus ft(A) is contained in the closed ball
‖x‖ ≤ 2
∑n
i=1 ‖xi‖, and by compactness ft(A) is non-empty and compact.
That ft(A) is convex follows from the convexity of the function f .
Durier and Michelot [12] have given the following characterization of FT
points, which extends the classical characterization in the case of Euclidean
spaces.
Theorem 3.6 ([12]). Let x0,x1, . . . ,xn be points in a Minkowski space.
1. If x0 6= x1, . . . ,xn, then {x0xi : i = 1, . . . , n} is a floating FT
configuration iff each xi − x0 has a norming functional φi such that∑n
i=1 φi = o.
2. If x0 = xj for some j = 1, . . . , n, then {x0xi : i = 1, . . . , n, i 6= j} is
an absorbing FT configuration iff each xi − x0 (i 6= j) has a norming
functional φi such that ∥∥∥∥∥
n∑
i 6=j
i=1
φi
∥∥∥∥∥ ≤ 1.
Proof. Let A = {x0, . . . ,xn}. We use the subdfferential calculus. The point
p ∈ ft(A) iff p minimizes the convex function
f(x) =
n∑
i=1
|xxi|,
iff o ∈ ∂f(x) = ∂
∑n
i=1 |xxi| =
∑n
i=1 ∂|xxi|. This is equivalent to the
conditions stated, since, letting g(x) = |xxi|, we have by Lemma 2.1 that
∂g(x) =
{
{φ : φ is a norming functional of x− xi} if x 6= xi
{φ : ‖φ‖ ≤ 1} if x = xi.
Sufficiency can also be shown directly as follows: If the purported FT
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point p 6∈ A then for any x ∈ X,
n∑
i=1
|xip| =
n∑
i=1
φi(xi − p)
=
n∑
i=1
φi(xi − x) +
n∑
i=1
φi(x− p)
=
n∑
i=1
φi(xi − x) + (
n∑
i=1
φi)(x− p)
=
n∑
i=1
φi(xi − x)
≤
n∑
i=1
|xix|,
while if p = xj ∈ A, then for any x ∈ X,∑
i 6=j
|xip| =
∑
i 6=j
φi(xi − p)
=
∑
i 6=j
φi(xi − x) +
∑
i 6=j
φi(x− p)
=
∑
i 6=j
φi(xi − x) + (
∑
i 6=j
φi)(x− p)
≤
∑
i 6=j
|xix|+
∥∥∥∑
i 6=j
φi
∥∥∥ |xp|
≤
n∑
i=1
|xix|.
The above type of calculation is useful to analyze the situation where
ft(A) has more than one point (see the proofs of Theorem 3.22 and Lemma 4.14).
Theorem 3.3 follows immediately from the above characterization, as well
as the following observation.
Corollary 3.7. In any Minkowski space, if {ox1, . . . ,oxn} is a floating FT
configuration, then {ox1, . . . ,oxn−1} is an absorbing FT configuration.
The following geometric description of ft(A) (Theorem 3.9), due to Durier
and Michelot [12], also follows from Theorem 3.6.
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Definition 3.8. Given a unit functional φ ∈ X∗ and a point x ∈ X, define
the cone C(x, φ) = x−{a : φ(a) = ‖a‖}, i.e., C(x, φ) is the translate by x of
the union of the rays from the origin through the exposed face φ−1(−1)∩B
of the unit ball B of X.
We remark that any metric ray of X with origin x is contained in C(x, φ)
for some unit functional φ.
Note that it follows from Proposition 3.5 that if ft(A) consists of more
than one point then it contains a point not in A, since then ft(A) is infinite,
but A is finite. In the following theorem we need an FT point not in A in
order to obtain a geometric description of ft(A). To apply this theorem we
therefore first have to find such an FT point by some other means.
Theorem 3.9 ([12]). In any Minkowski space X with a finite given subset
A, suppose we are given p ∈ ft(A) \ A. Let φi be a norming functional of
xi − p for each xi ∈ A, such that
∑
i φi = o. Then ft(A) =
⋂n
i=1C(xi, φi).
Proof. Note that by Definition 3.8 x ∈
⋂n
i=1C(xi, φi) iff φi(xi−x) = ‖xi−
x‖. Thus if x 6∈ A we have that x ∈
⋂n
i=1C(xi, φi) iff for each i = 1, . . . , n,
φi is a norming functional of xi − x, iff x ∈ ft(A) (by Theorem 3.6 and∑
i φi = o). It follows that ft(A) \ A =
⋂n
i=1C(xi, φi) \A.
If on the other hand x = xj for some j, then x 6= xi for all i 6= j, and
x ∈
⋂n
i=1 C(xi, φi) implies that for all i 6= j, φi is a norming functional of
xi − x, which implies that x ∈ ft(A) (by Theorem 3.6 and ‖
∑
i 6=j φi‖ =
‖ − φj‖ = 1). Thus
⋂n
i=1C(xi, φi) ⊆ ft(A).
It remains to show that A ∩ ft(A) ⊆
⋂n
i=1 C(xi, φi). Since ft(A) \ A is
not empty, and ft(A) is convex, hence connected, we have that any xi ∈
A∩ ft(A) is not an isolated point of ft(A). Thus we have xi ∈ cl(ft(A)\A) =
cl(
⋂n
i=1 C(xi, φi) \A) ⊆
⋂n
i=1C(xi, φi).
In the special case where A consists of two points x and y, ft(A) is the
d-segment [xy]d, and from the above theorem can be found the description
of d-segments obtained in [2, Theorem 9.6]. We here demonstrate the planar
case. Since we may make a translation we assume without loss of generality
in the following proposition that y = −x.
Proposition 3.10. In a Minkowski plane for any x 6= o, we have that
ft(x,−x) = [xy]d is the segment x(−x) whenever x is not in the relative
interior of a segment on the boundary of the unit ball, while if x is in the
relative interior of the maximal segment ab on the boundary of the unit ball,
then ft(x,−x) is the (unique) parallelogram with sides parallel to
←→
oa and
←→
ob
and which has x and −x as opposite sides. See Figure 1.
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x−x
B
a b
o
Figure 1: A d-segment in a Minkowski plane
Proof. Take any norming functional φ of x. Then φ−1(1)∩B contains x and
is either the singleton {x} or a segment ab. In the case of a singleton clearly
C(x, φ) is the ray
−−−−→
x(−x). Since −φ is then a norming functional of −x
and C(−x,−φ) =
−−−−→
(−x)x, if we apply Theorem 3.9, we obtain ft(x,−x) =
x(−x).
If φ−1(1)∩B = ab, then C(x, φ) is the angle with vertex x bounded by
two rays with origin x in the directions of −a and−b, respectively. Applying
Theorem 3.9 we obtain that ft(x,−x) is the intersection of these two angles,
which is the parallelogram described in the statement of the proposition.
Note that if x is not in the relative interior of ab, i.e., if x = a or x = b,
then the parallelogram degenerates to the segment x(−x).
As seen in the above proof, in a Minkowski plane the cones C(xi, φ) are
always either rays or angles, and in the light of Proposition 3.5 we obtain
the following
Corollary 3.11. In a Minkowski plane X, the FT locus of a finite set of
points is always a convex polygon, that may degenerate to a segment or a
point.
We here give two examples in detail of how Theorems 3.6 and 3.9 can be
applied to find FT loci. Later it will be seen that these examples are unique
in a certain sense (Theorem 4.13).
Example 3.12. Let the unit ball of the Minkowski plane X be the parallel-
ogram with vertices {±x,±y}, where x and y are any two linearly indepen-
dent vectors. If x and y form the standard basis ofR2, then we obtain the L1
plane or Manhattan plane. In fact, a Minkowski plane is isometric to the L1
plane iff its unit ball is a parallelogram. We let A = {±1
2
(x+y),±1
2
(x−y)}
(see Figure 2). We now use Theorem 3.9 to find FT (A). We let φ1 be the
11
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y
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Figure 2: ft(A) = conv(A) is possible in the rectilinear norm
norming functional of 1
2
(x+ y), i.e., the (unique) functional in X∗ of norm
1 for which φ−1
1
(1) =
←→
xy. Similarly, we let φ2 be the norming functional of
1
2
(x − y), i.e., the functional of norm 1 for which φ−1
2
(1) =
←−−→
x(−y). Then
the norming functionals of −1
2
(x+ y) and −1
2
(x− y) are −φ1 and −φ2, re-
spectively. By Theorem 3.6 we then have that o is an FT point of A (since
the sum of the norming functionals is o). By Theorem 3.9 we have
ft(A) = C(1
2
(x+ y), φ1) ∩C(
1
2
(x− y), φ2)
∩C(−1
2
(x+ y),−φ1) ∩ C(−
1
2
(x− y),−φ2).
The union of the rays from the origin through the exposed face φ−1
1
(−1)∩B
of the unit ball is the whole third quadrant ∢(−x)o(−y). Thus C(1
2
(x +
y), φ1) is the translate of this quadrant by
1
2
(x+y), i.e., the angle ∢1
2
(−x+
y)1
2
(x + y)1
2
(x − y). The other cones are similarly found, and their in-
tersection is exactly the parallelogram convA, which is the shaded part in
Figure 2.
Example 3.13. Let the unit ball of the Minkowski plane X be an affine
regular hexagon B, i.e., B is the image of a regular hexagon with centre o
under an invertible linear mapping. If we let x and y be two consecutive
vertices of B then B = conv{±x,±y,±(x−y)}. See Figure 3. We now use
Theorem 3.9 to find ft(o,x,y). Let p = 1
3
(o + x + y), i.e., the centroid of
the triangle △oxy. As in Example 3.12, if we let φ1, φ2, φ3 be the (unique)
norming functionals of o−p,x−p,y−p, respectively, then φ1+φ2+φ3 = o.
12
                                   
                                   
                                   
                                   
                                   
                                   
B
o
y
x
Figure 3: ft(A) = conv(A) is possible in the regular hexagonal norm
Thus p is an FT point of {o,x,y}. As before, we have C(o, φ1) = ∢xoy,
C(x, φ2) = ∢oxy, C(y, φ3) = ∢oyx. By Theorem 3.9, ft(o,x,y) = ∢xoy∩
∢oxy ∩ ∢oyx = conv{o,x,y}, i.e., the FT locus is the triangle △oxy.
Definition 3.14. The d-segments [aibi]d are d-concurrent if their intersec-
tion is non-empty.
Corollary 3.15. If A = {x1, . . . ,x2k} can be matched up to form k d-
segments [xixk+i]d, i = 1, . . . , k, that are d-concurrent, then ft(A) =
⋂k
i=1[xixk+i]d.
Proof. Let p ∈
⋂k
i=1[xixk+i]d \ A. Since [xixk+i]d = ft(xi,xk+i), we have
that {pxi,pxk+1} is a floating FT configuration for each i. By Theorem 3.6
there is a norming functional φi of xi−p and φk+i of xk+i−p such that φi+
φk+i = o. By Theorem 3.9 we have ft(xixk+i) = C(xi, φi) ∩ C(xk+i, φk+i).
Thus
∑
2k
i=1 φi = o, and again by Theorem 3.6, {px1, . . . ,px2k} is a floating
FT configuration. We now apply Theorem 3.9 again to obtain ft(A) =⋂
2k
i=1 C(xi, φk) =
⋂k
i=1 ft(xixk+i).
Example 3.16. In Figure 4 we first apply Proposition 3.10 to obtain [x1x3]d
and [x2x4]d. We obtain that [x1x3]d is the usual segment x1x3, since the
exposed faces of the unit ball B containing x1 and x3, respectively, are both
singletons (x1 and x3 are not in the interiors of segments on the boundary
of B). Also, [x2x4]d is the parallelogram with opposite sides x2 and x4 and
sides parallel to the vectors from the origin to the endpoints of the segment
on the boundary of B containing x4. By Corollary 3.14, ft(x1,x2,x3,x4) =
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Figure 4: d-concurrent d-segments
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Figure 5: d-concurrent d-segments
[x1x3]d∩ [x2x4]d (since the intersection is non-empty), which is the diagonal
of the parallelogram [x2x4]d indicated as a bold segment in Figure 4.
In Figure 5 the Minkowski plane has an affine regular hexagon as unit
ball B. The set A consists of the midpoints of the edges of B. If we now
apply Proposition 3.10 to pairs of points on opposite edges, we obtain that
the d-segments of these pairs of points has non-empty intersection, which is
the shaded hexagon in Figure 5. By Corollary 3.14, this hexagon is ft(A).
The following result of Cieslik [7] generalizes the Euclidean case [14], and
follows from Corollary 3.15.
Corollary 3.17 ([7, Chapter 3]). Let abcd be a convex quadrilateral in a
Minkowski plane. Then the intersection of the diagonals ac ∩ bd is an FT
point of {a, b, c,d}.
The next two corollaries generalize the standard results on FT points in
R1.
Definition 3.18. A set in a Minkowski space is d-collinear if it is contained
in a metric line.
Since two finite isometric subsets of R1 differ by a translation and pos-
sibly a reflection, the ordering of a d-collinear set is essentially unique.
Corollary 3.19. If A = {x1, . . . ,x2k} is a d-collinear set of even size in
its natural order, then
ft(A) =
k⋂
i=1
[xix2k−i]d = [xkxk+1]d.
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Proof. The first equation follows from the observation that xj ∈ [xixk]d for
all 1 ≤ i ≤ j ≤ k ≤ n, which holds since |xixk| = |xixj| + |xjxk|, since
{xi,xj ,xk} is isometric to a subset {r1, r2, r3} of R
1 with r1 ≤ r2 ≤ r3.
Thus the elements of A can be matched up to form d-concurrent d-segments
[xix2k−i+1]d, and Corollary 3.14 applies. The second equation follows from
the fact that [xkxk+1]d ⊆ [xix2k−i+1]d for all i = 1, . . . , k, which in turn is
proved as follows: Let x ∈ [xkxk+1]d. Thus |xkx| + |xxk+1| = |xkxk+1|.
Then
|xix|+ |xx2k−i+1| ≤ |xixk|+ |xkx|+ |xxk+1|+ |xk+1x2k−i+1|
(by the triangle inequality)
= |xixk|+ |xkxk+1|+ |xk+1x2k−i+1|
= |xix2k−i+1|
(since xi,xk,xk+1,x2k−i+1 are on a metric line).
By the triangle inequality we then have |xix| + |xx2k−i+1| = |xix2k−i+1|,
hence x ∈ [xix2k−i+1]d.
Corollary 3.20. If A = {x1, . . . ,x2k+1} is a d-collinear set of odd size in
its natural order, then ft(A) = {xk}.
Proof. By Corollary 3.19, xk is an FT point of A \ {xk}. Therefore, for any
p ∈ X,
2k+1∑
i=1
|xip| = |xkp|+
2k+1∑
i=1
i 6=k
|xip|
≥ |xkp|+
2k+1∑
i=1
|xixk|
>
2k+1∑
i=1
|xixk| unless p = xk.
The calculation in the above proof also gives the following simple
Corollary 3.21. If p ∈ ft(A) and p 6∈ A, then ft(A ∪ {p}) = {p}.
It is well-known that there is a unique FT point for any non-collinear set
in Euclidean space. The essential property of Euclidean space that ensures
uniqueness is its strict convexity.
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Theorem 3.22. A Minkowski space X is strictly convex iff ft(A) is a sin-
gleton for all non-collinear subsets A.
Proof. If X is not strictly convex, and if we let a, b be two points in the
relative interior of some segment on the boundary of the unit ball, then
ft(a,−a, b,−b) is not a singleton by Corollary 3.19.
Conversely, suppose that p and q are distinct FT points of a finite set A.
Then the segment pq ⊆ ft(A), by Proposition 3.5. Thus we may assume that
p, q 6∈ A, since A is finite. By Theorem 3.6, there exist norming functionals
φi of xi − p for each xi ∈ A such that
∑
i φi = o. Thus,∑
i
|xip| =
∑
i
φi(xi − p)
=
∑
i
φi(xi − q) +
∑
i
φi(q − p)
≤
∑
i
|xiq| =
∑
i
|xip|.
Since there is equality throughout, it follows that each φi is a norming
functional also of xi − q. Since A is not collinear, we may choose an xi
such that xi,p, q are not collinear. Thus x̂i − p and x̂i − q are distinct
unit vectors with the same norming functional φi. Thus x̂i − px̂i − q is a
segment on the boundary of the unit ball, hence X is not strictly convex.
We finally note the following difference between dimension two and
higher dimensions.
Theorem 3.23 ([23]). In any Minkowski plane X, for any finite A ⊂ X we
have convA ∩ ft(A) 6= ∅.
Corollary 3.24. In a strictly convex Minkowski plane X, if A ⊂ X is finite
and non-collinear, the singleton ft(A) is always contained in convA.
Theorem 3.25 ([11, 6]). Let dimX ≥ 3. Then the following are equivalent.
1. For any finite non-collinear A ⊂ X we have ft(A) ⊆ convA.
2. For any finite non-collinear A ⊂ X we have ft(A) ∩ convA 6= ∅.
3. For any finite non-collinear A ⊂ X we have ft(A) ⊆ aff A
4. For any finite non-collinear A ⊂ X we have ft(A) ∩ aff A 6= ∅.
5. X is a Euclidean space.
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Proof. We sketch the proof as its non-trivial parts are in different references.
The implications 1⇒3⇒4 are trivial. The well-known implication 5⇒1 is
in [14, Proposition 6.1]. See Durier [11] or Lewicki [15] for 2⇒5, as well as
Ben´ıtez, Ferna´ndez and Soriano [1] for stronger results. Finally, see Cieslik
[6, Theorem 2.2] for 4⇒2.
In the next section we characterize the situation in Minkowski planes
when there are points of the FT locus that are outside the convex hull.
4 Specific properties of FT loci in Minkowski planes
In Euclidean space it is known that if ft(A) = {p}, then p ∈ A ∪ int convA
(see [14, Proposition 6.1]. In the light of Theorem 3.25 we cannot hope for a
similar statement in arbitrary Minkowski spaces of dimension at least three.
We now investigate to what extent we can have an analogue in Minkowski
planes. We first consider the case where ft(A) intersects the complement of
convA.
Definition 4.1. We say that a set A = {x1, . . . ,xk,y1, . . . ,yk} forms a
double cluster with pairs xi,yi if x̂i − yi are all contained in the same
proper exposed face of the unit ball.
Note that in the above definition, since we are in two dimensions, a
proper exposed face of the unit ball is either a vertex (in which case the
double cluster is necessarily a collinear set) or a segment. Obviously, a
double cluster forms d-concurrent d-segments. By Corollary 3.15 the FT
locus of a double cluster is a parallelogram with sides parallel to a and b,
where ab is the exposed face of the unit ball in Definition 4.1.
Example 4.2. See Figure 6 for an example of a double cluster A for which
some FT points are not in convA.
Theorem 4.3. Let p be an FT point of a finite set A in a Minkowski plane
X such that p 6∈ convA. Then X is not strictly convex, and A is a double
cluster. In particular, ft(A) is the parallelogram
⋂k
i=1[xiyi]d.
Proof. Assume without loss of generality that p = o. For each ai ∈ A,
choose a norming functional φi such that
∑
i φi = o. Since o 6∈ convA,
we obtain that all φi’s must be contained in a closed half plane bounded
by a line ℓ through the origin in the dual. Since the sum of the φi’s is
o, we must have that all the φi’s must lie on ℓ, and that there is an even
number 2k of them, half being equal to some φ, the other half to −φ, say
17
                                                               
                                                               
                                                               
                                                               
                                                               
                                                               
                                                               
                                                               
                                                               
y j
ft( , )x yi j
B
xi
Figure 6: A double cluster
φ1 = · · · = φk = φ, φk+1 = · · · = φ2k = −φ. Let xi = ai and yi = ai+k
for all i = 1, . . . , k. It then follows that φ is a norming functional of any
xi − yj , hence x̂i − yj all lie on the same segment of the unit ball. Since φ
is a norming functional of all xi and −yj , and o 6∈ conv{xi,yj}, we obtain
that X is not strictly convex.
As corollary we again obtain Corollary 3.24, as well as
Corollary 4.4. In a Minkowski plane, if |A| is odd, then ft(A) ⊆ convA. In
particular, neither a floating FT configuration of odd degree nor an absorbing
FT configuration of even degree can be pointed.
A double cluster can give a pointed floating FT configuration of even
degree, as in Example 4.2. However, by Corollary 3.24 this is not possible in
strictly convex Minkowski planes. Pointed absorbing FT configurations of
odd degree are possible, even in the Euclidean plane (see [14, Remark 6.3.]).
By Corollary 4.4 this can only happen if the degree is odd in any Minkowski
plane. In the Euclidean plane one can say something stronger: If |A| is even
and the FT point of A is not in the interior of convA, then Proposition
6.2 of [14] gives that A is almost collinear, i.e. A \ {p} is collinear for some
p ∈ A. We partially generalize this result to Minkowski planes.
Definition 4.5. A set A ⊂ X is a pseudo double cluster if A is the union
of a double cluster C together with an FT point of C (called the centre of
the pseudo double cluster) and an arbitrary point.
In a strictly convex Minkowski plane, a pseudo double cluster is an almost
collinear set.
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Theorem 4.6. Let A = {x0,x1, . . . ,x2k−1} in a Minkowski plane, and
suppose that x0 ∈ ft(A) and x0 is a vertex of convA. Then A is a pseudo
double cluster with x0 as centre.
Proof. Assume without loss of generality that x0 = o. Choose norming
functionals φi of xi, i = 1, . . . , 2k − 1, such that ‖
∑
φi‖ ≤ 1. Since o is a
vertex of convA, the φi’s are all in a closed half plane bounded by a line
ℓ through the origin in the dual. Assume without loss of generality that
the xi’s are ordered such that the φi’s are in order. Let ℓ1 be a supporting
line of the dual unit ball at φk, and ℓ0 its parallel through o. Let H be
the half plane bounded by ℓ0 containing φk. For any i < k < j, φi is on
the closed arc from −φj to φk of the dual unit circle, otherwise o is an
interior point of the φi’s, contradicting the fact that the φi’s are in a closed
half plane. It follows that φi + φj ∈ H. Thus
∑
2k−1
i=1 φi ∈ φk + H. Thus
‖
∑
2k−1
i=1 φi‖ ≥ 1, and therefore, ‖
∑
2k−1
i=1 φi‖ = 1. It follows that for all
i, j with i < k < j, φi + φj ∈ ℓ0. Suppose −φj 6= φi. Then (−φj)φi is a
segment on the boundary of the unit ball, parallel to ℓ0. Thus −φj, φi, φk
are collinear. Similarly, −φi, φj , φk are collinear, a contradiction.
Thus −φj = φi for all i, j such that i < k < j. Thus φ1 = · · · = φk−1 = φ
and φk+1 = · · · = φ2k−1 = −φ for some unit φ ∈ X
∗. It follows that the
pairs xi,xi+k, i = 1, . . . , k − 1, form a double cluster, which has o = x0 as
an FT point.
The following is a complete generalization of [14, Proposition 6.2] to
strictly convex Minkowski planes.
Corollary 4.7. Let A = {x0,x1, . . . ,x2k−1} be given in a strictly convex
Minkowski plane, and suppose that x0 ∈ ft(A) and x0 is a vertex of convA.
Then for some j = 1, . . . , 2k−1 we have that A\{xj} is a collinear set with
x0 as middle point.
The case where an FT point is on the edge, but is not a vertex of the
convex hull of A, is more complicated. What prevents the proof of Theo-
rem 4.6 from going through in this case is that the unit vector parallel to
such an edge may be a singular point of the unit ball. If this cannot happen
(such as whenX is smooth), then we have the following generalization of the
above-mentioned [14, Prop. 6.2]. The proofs of the following two corollaries
are simple adaptations of the proof of Theorem 4.6.
Corollary 4.8. In a smooth Minkowski plane, if |A| is even and ft(A) in-
tersects bdconvA, then A is a double cluster or a pseudo double cluster.
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Figure 7: An FT point on the interior of an edge of convA
Corollary 4.9. In a smooth Minkowski plane, if A is not a double cluster
nor a pseudo double cluster, then ft(A) ⊆ A ∪ int convA.
If X is not smooth, then it is always possible to find (even if X is strictly
convex) a set A with an odd or an even number of points, which has an FT
point on the interior of an edge of convA, as the following example shows.
Example 4.10. Let X be any non-smooth plane. Let ±x0 be singular
points on the boundary of the unit ball. Let φ0φ1 be the set of all norming
functionals of p. Let x1 be a unit vector with a norming functional parallel
to φ0φ1. Find unit functionals φ2, φ3 such that φ3 − φ2 = λ(φ1 − φ0) with
1 ≤ λ ≤ 2 and φ3 6= −φ2. Let x2 be a unit vector with −φ2 as norming
functional, and x3 a unit vector with φ3 as norming functional. See Figure 7.
Choose φ,ψ ∈ φ1φ2 such that 2(φ − ψ) = φ3 − φ2. Then o is an FT point
of e.g. {±x0,±2x0,x2,x3}.
It is also clear that we may add some odd number of multiples of x1 and
some further multiples of ±x0, and again obtain a set which has o as FT
point.
However, in the above example we still have an “almost collinear” situ-
ation in a weaker sense. The following theorem shows that this necessarily
happens.
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Theorem 4.11. In a Minkowski plane, if A has an FT point disjoint from
A, but on the interior of an edge of convA, then at least half of the points
of A must be on this edge.
Proof. Let o be an FT point of A between x0 and x1 in A. Let φ0φ1 be
the segment on the boundary of the dual unit ball containing all norming
functionals of x0. Then all the norming functionals of points of A that are
not multiples of x0 must be on the side of the line ℓ through φ1 parallel to
φ0+φ1 opposite φ0 (or on ℓ). In order to obtain norming functionals of each
x ∈ A with sum o we then must have at least as many multiples of x0 as
there are non-multiples.
Proposition 6.4 of [14] generalizes to all Minkowski planes as was shown
in [19]:
Theorem 4.12 ([19]). Let p0,p1, . . . ,pn be distinct points in a Minkowski
plane such that for any distinct i, j satisfying 1 ≤ i, j ≤ n the closed angle
∢pip0pj contains the reflection in p0 of some pk. Then n is necessarily odd
and p0 ∈ ft(p0, . . . ,pn).
For odd n ≤ 7, and any convex n-gon p1 . . . pn, there always exists p0
such that the hypotheses of the above theorem is satisfied; see [21, 4].
We now address the question of how many points of A can be contained
in ft(A). Obviously, if A consists of at most two points, then A ⊆ ft(A).
Examples 3.12 and 3.13 show that it is possible for three and four points of
A to be in ft(A).
Theorem 4.13. Let X be a Minkowski plane and A ⊂ X. Then |A∩ft(A)| ≤
4. If |A∩ ft(A)| = 4, then X has a parallelogram as unit ball, and A contains
a homothet of {±x± y}, where x and y are two consecutive vertices of the
unit ball. If |A∩ft(A)| = 3, then X has an affine regular hexagon as unit ball,
and A contains a homothet of {o,x,y}, where x and y are two consecutive
vertices of the unit ball. In both cases, ft(A) = conv(A ∩ ft(A)).
Before proving this theorem, we prove a technical lemma, and consider
the higher-dimensional case.
Lemma 4.14. In any d-dimensional Minkowski space X, for each point p ∈
A∩ ft(A), p is a vertex of conv(A∩ ft(A)), and {q̂ − p : q ∈ A∩ ft(A), q 6= p}
is contained in a proper exposed face of the unit ball.
Proof. Let p ∈ A. By Theorem 3.6 there exist norming functionals φx for
each x ∈ A \{p} such that ‖
∑
x6=p φx‖ ≤ 1. Then, for any q ∈ ft(A), q 6= p,
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we have ∑
x∈A
|xq| =
∑
x∈A,x6=p
|xp| =
∑
x∈A,x6=p
φx(x− p)
=
∑
x∈A,x6=p
φx(x− q) +
∑
x∈A,x6=p
φx(q − p)
≤
∑
x∈A,x6=p
|xq|+
∥∥∥ ∑
x∈A,x6=p
φx
∥∥∥|qp|
≤
∑
x∈A,x6=p
|xq|+ |qp|
=
∑
x∈A
|xq|.
It follows that φ :=
∑
x∈A,x6=p φx is a norming functional of q − p. Thus
{q̂ − p : q ∈ A∩ ft(A), q 6= p} is contained in the intersection of the unit ball
with φ−1(1). This also means that φ strictly separates p from (A ∩ ft(A)) \
{p}, i.e. p is a vertex of conv(A ∩ ft(A)).
Theorem 4.15. Let X be a d-dimensional Minkowski space, and A ⊂ X.
Then |A∩ ft(A)| ≤ 2d. If, furthermore, |A∩ ft(A)| = 2d, then X is isometric
to a d-dimensional L1 space, with A ∩ ft(A) corresponding to a homothet of
the Hamming cube {0, 1}d.
Proof. Let C = A ∩ ft(A). By Lemma 4.14, each point of C is a vertex of
convC. We now show that |C| ≤ 2d. For each p ∈ C, let
Cp = {x ∈ X : p+ λx ∈ convC for some λ > 0}.
Each Cp is a closed cone full-dimensional in the subspace X
′ = aff C−aff C,
and also Cp ∩ −Cp = {o}. We now show that for any two distinct p, q ∈
C, Cp ∩ Cq does not have interior points (in X
′) in common. Note that
q − p ∈ Cp and p − q ∈ Cq. Thus, if Cp and Cq have interior points in
common, Ĉp := {x̂ : x ∈ Cp,x 6= o} and Ĉq are contained in the same
proper exposed face of the unit ball. But then p̂− q and q̂ − p are both
contained in this face, a contradiction. It follows that {Cp : p ∈ C} is a
packing. Thus {−p + convC : p ∈ C} is a packing of translates of convC,
all having the origin in common. Let B = 1
2
(convC−convC) be the central
symmetrization of convC. Then {B − p : p ∈ C} is a packing of mutually
touching translates of B in X ′. By results of [8] it follows that |C| ≤ 2d,
with equality iff B is a d-dimensional parallelotope. This happens only if
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convC is a d-dimensional parallelotope, in which case
⋃
p∈C Ĉp forms the
boundary of a cross-polytope.
Proof of Theorem 4.13. By Theorem 4.15, |A∩ft(A)| ≤ 4, and if |A∩ft(A)| =
4, then X has a parallelogram as unit ball.
If |A ∩ ft(A)| = 3, then conv(A ∩ ft(A)) is a triangle. The three cones
in the proof of Theorem 4.15 force the unit ball to be an affine regular
hexagon.
5 Centroids and Angles
We now consider characterizations of degree two absorbing and degree three
floating FT configurations in Minkowski planes. In studying such configu-
rations, it is useful to introduce two special types of angles.
Definition 5.1. An angle ∢x1x0x2 is critical if there exists a point x3 6= x0
such that x0 is an FT point of {x1,x2,x3}.
Critical angles are a direct generalization of Euclidean 120◦ angles. The
ray
−−−→
x0x3 is unique for all critical angles iff the Minkowski plane is smooth
and strictly convex [10].
The following characterizations of critical angles are well-known in the
literature in the case of smooth, strictly convex planes [5, 10]. However, the
generalization to arbitrary planes is simple.
Lemma 5.2. The following are equivalent in a Minkowski plane.
1. ∢x1x0x2 is a critical angle.
2. If a circle (in the norm) with centre x0 intersects the ray
−−−→
x0x1 at a
and the ray
−−−→
x0x2 at b, then there exist lines ℓa, ℓb, ℓ supporting the
circle, ℓa at a and ℓb at b, such that x0 is the centroid of the triangle
formed by ℓa, ℓb, ℓ.
3. There exist norming functionals φ1 of x1−x0 and φ2 of x2−x0 such
that ‖φ1 + φ2‖ = 1.
Definition 5.3. An angle ∢x1x0x2 is absorbing if x0 is an FT point of
{x0,x1,x2}.
Thus {x0x1,x0x2} is a degree two absorbing FT configuration iff ∢x1x0x2
is absorbing. The following lemma furnishes a more direct description of ab-
sorbing angles. In particular, an angle is absorbing iff it contains a critical
angle.
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Lemma 5.4. The following are equivalent in a Minkowski plane.
1. ∢x1x0x2 is an absorbing angle.
2. ∢x1x0x2 contains some critical angle ∢x
′
1x0x
′
2.
3. If a circle (in the norm) with centre x0 intersects the ray
−−−→
x0x1 at a
and the ray
−−−→
x0x2 at b, then there exist lines ℓa, ℓb, ℓ with ℓa supporting
the circle at a, ℓb at b, and ℓ not intersecting the interior of the circle,
such that x0 is the centroid of the triangle formed by ℓa, ℓb, ℓ.
4. There exist norming functionals φ1 of x1−x0 and φ2 of x2−x0 such
that ‖φ1 + φ2‖ ≤ 1.
Proof of Lemmas 5.2 and 5.4. 5.2.1⇐⇒ 5.2.3 and 5.4.1⇐⇒ 5.4.4 are straight-
forward using the subdifferential calculus. 5.2.2 ⇐⇒ 5.2.3 and 5.4.3 ⇐⇒
5.4.4 can be proved as in [5]. 5.4.1 ⇐⇒ 5.4.2 follows from 5.2.1 ⇐⇒ 5.2.3
and 5.4.1⇐⇒ 5.4.4.
The following theorem, generalizing the characterization of degree three
floating FT configurations in the Euclidean plane, is used in a characteriza-
tion of the local structure of Steiner minimal trees [20]. It is surprising that
a Euclidean result can be completely generalized to all Minkowski planes.
It is again surprising that the proof is not simple. Since we did not include
a complete proof in [20], we here prove the result in full.
Theorem 5.5. The configuration {oa1,oa2,oa3} is a floating FT configu-
ration iff it is not pointed and all angles ∢aioaj are critical.
Proof. ⇒ The angles are all critical by definition. By Corollary 4.4, the
configuration is not pointed.
⇐ Let Ai be the set of norming functionals of ai (i = 1, 2, 3). Note
that if ∢aioaj is a straight angle, then it is critical only if Ai = −Aj is a
non-degenerate segment. Thus in all cases, A1, A2, A3 are not contained in
a closed half plane bounded by a line through the origin in the dual plane.
We now apply Theorem 3.6 and the following lemma.
Lemma 5.6. In a Minkowski plane, let Ai be the intersection of the unit ball
with supporting line ℓi (i = 1, 2, 3) to the unit ball such that for all distinct
i, j ∈ {1, 2, 3} there exist ai ∈ Ai and aj ∈ Aj such that ‖ai + aj‖ = 1
and such that A1, A2, A3 are not contained in a closed half plane bounded by
a line through the origin. Then there exist ai ∈ Ai, (i = 1, 2, 3) such that
a1 + a2 + a3 = o.
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Proof. Assume without loss of generality that ℓ1 is vertical, ℓ2 horizontal,
and ℓ1, ℓ2 enclose the unit square [−1, 1]
2 ⊆ R2. Then the unit ball is
contained in [−1, 1]2. Let A1 = {1} × [−α, β] and A2 = [−γ, δ]×{1}. Then
A1 + A2 = [1 − γ, 1 + δ] × [1 − α, 1 + β]. Note that α, γ ≥ 0: If α < 0 or
γ < 0, then A1 + A2 would be outside [−1, 1]2, hence ‖a1 + a2‖ > 1 for
all a1 ∈ A1 and a2 ∈ A2. For similar reasons, A3 must contain a point
with x-coordinate ≤ 0, and a point with y-coordinate ≤ 0. Since A1 + A2
intersects the unit ball, there must be a unit vector in [1− γ, 1]× [1−α, 1].
Since A1, A2, A3 are not in a closed half plane, one of the following cases
must occur:
1. −A3 intersects [1− γ, 1]× [1− α, 1], in which case we are done.
2. −A3 ⊆ [1− γ, 1]× [β, 1 − α) (this is possible only if α+ β < 1).
3. −A3 ⊆ [δ, 1 − γ)× [1− α, 1] (this is possible only if γ + δ < 1).
4. −A3 = A1.
5. −A3 = A2.
Case 2.
A1 +A3 ⊆ {1} × [−α, β] + [−1,−1 + γ]× (−1 + α, β]
= [0, γ]× (−1, 0],
which does not contain a unit vector, a contradiction.
Case 3. A similar contradiction is obtained.
Case 4. A1+A3 = {0}× [−α− β, α+ β]. Since A1+A3 must contain a
unit vector, 1 ∈ [−α−β, α+β], i.e. α+β ≥ 1. Therefore −β ≤ −1+α < α,
and the vector [[−1,−1 + α]] ∈ A3. Then vectors [[1,−α]] ∈ A1, [[0, 1]] ∈ A2,
[[−1,−1 + α]] ∈ A3 have sum o.
Case 5. Similar to Case 4.
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